In this paper, we attempt to quantify the shadow price of an additional inch of groundwater resource left in situ for the Southern Ogallala Aquifer. Previous authors have shown the degree to which the optimal resource extraction path may diverge from the competitive extraction path based upon varying assumptions. We utilize high-quality data over an unconfined groundwater resource to evaluate the validity of these results. We find that the size of the existing groundwater resource is sufficiently small to result in a divergence between the competitive and socially optimal solutions. We are also able to confirm that the model responds to changes in the parameters in a manner consistent with previous research. Finally, we arrive at a marginal user cost for an additional acre-inch of water which is relatively low, but reasonable given uncertainty about future technological improvements.
Introduction
The most dramatic externality imposed on society through the use of a nonrenewable resource is the loss of that resource for future uses. In the case of a finite aquifer, each individual producer faces the disappearance of access to the resource in subsequent producing periods as a result of their and their neighbors' pumping behavior. The greater the rate of withdrawals from the existing stocks in each period, the greater the rate at which the resource is depleted. The scarcity of the resource in such a situation leads to an opportunity cost for each unit of water that is extracted and utilized in the current period. The present value of these opportunity costs is the marginal user cost (MUC).
The southern portion of the Ogallala aquifer, which is contained primarily in the northwest portion of the State of Texas and the far eastern counties of New Mexico, is essentially a nonrenewable water resource. There exists almost no natural recharge into this portion of the aquifer, so it is like a "bathtub" of water which, when drained, will remain empty. Given the finite nature of the resource, every unit of water used has a potentially large opportunity cost.
The concept of optimal resource extraction is most notably presented by the seminal work of [1] . Maximizing a value function representing the future stream of net benefits to producers subject to the constraint of a finite resource, we arrive at the Hotelling rule for optimal resource extraction. This "rule" states that the percentage change in the current-value shadow price of the resource between each period should equal the discount rate if the resource is to be extracted optimally. The current-value shadow price is the difference between the price of the resource and the marginal extraction cost. The optimal extraction rate thus ensures that every unit of resource extracted yields the greatest possible value through time. [2] demonstrated the way in which these valuations might be made with specific groundwater data.
Many efforts have been made to determine the rate at which the Ogallala aquifer will decline under various assumptions. Most investigations have focused on the impact of water policy on conservation of the resource. Here we are interested in determining the social cost associated with extracting an additional unit of the resource beyond the socially efficient level. Such a valuation would serve to further inform water policy in the study region.
In addition to arriving at a shadow price for the remaining water in the aquifer, we wish to evaluate the divergence between the optimal extraction path and the competitive path. [3] found that as the size of the water resource increased the difference between the socially optimal extraction path and the extraction path under competition diminishes. Others (see for example [4] ) have evaluated the robustness of the Gisser-Sanchez (G-S) result and found that there are numerous factors which lead to a divergence between the competitive result and the social optimum. The availability of high-quality data allows us to investigate these theoretical findings in the case of the Ogallala aquifer.
The purpose of this research is twofold. First, we wish to arrive at an estimate of the shadow price of additional units of water remaining in situ in the Ogallala aquifer. Second, we will compare the socially optimal result for water extraction with the competitive result in an effort to provide a comparison to the G-S result. In Section 2, we will provide a development of the model used to arrive at the shadow price. Section 3 will present the general and specific data used in this study. In Section 4, we will present the results of the study and discuss their meaning, as well as suggest future directions for research.
The Model
To evaluate the marginal user cost associated with the optimal extraction path for the producing region the basic model presented [3] and [4] is used. The optimal control assumption is that the central planner wishes to maximize the pre-sent value of the future profit streams of the agriculture producers in the region.
To accomplish this, it is first necessary to understand the way in which currentperiod withdrawals affect the stock of the resource. The equation defining the motion of the hydrologic state is defined as:
where h  is change in the saturated thickness of the aquifer between time periods, AS is the area of the aquifer in acres times it's specific yield, R is the rate of natural recharge to the aquifer, α is the return-flow coefficient, and ( ) w t is the total volume of water withdrawals in acre-feet. The saturated thickness of the aquifer measures the thickness of the aquifer, in feet, containing water. As water is withdrawn from the aquifer the saturated thickness will decline for an unconfined aquifer. The specific yield of the aquifer is the percentage of a unit of space in the aquifer that is comprised of the water resource. Multiplying h  by AS yields the total volume of water resource which exists in the aquifer at a given point in time. Therefore, the left hand side of Equation (1) is the change in the stock of the resource in the aquifer between two time periods. This change is a function of the volume of water that is taken out, in the form of water withdrawals for the purpose of irrigation, and water returning to the aquifer. The water returned to the aquifer takes two forms. The first is in the form of natural recharge. Recharge can occur as a result of deep percolation of surface water, flows from other underground water resources, or other hydrological relationships. The second way in which water may be added to the aquifer is through return flow, or applied irrigation water which is not taken up by the roots of the crop and ultimately percolates back to the depth of the aquifer. The return-flow coefficient α, captures the percentage of applied irrigation water which ultimately returns to the aquifer.
To determine the stream of profits to the producer the revenues and costs of the typical producer are derived. [3] defines producer revenues as the area under the inverse demand curve for irrigation water. Therefore, the demand for irrigation water is given as:
with 0 k < . w P is the price of water, w is the quantity of water demanded, and the parameters g and k are the intercept and slope values, respectively, of the water demand function. Solving the above equation for w P yields the inverse demand for irrigation water:
[3], however, had available estimates for the parameters in the water demand function from local observations specifically related to their study. Because such estimates are not available for the current study, and due to the desire to account for the way in which water demand likely varies over crop and location, a specific demand for water is obtained for each crop in each county. The inverse demand for water is derived from the following relationship:
Namely, the inverse demand for a given input to the production process should be equal to the value of the marginal product (VMP). Producers will only employ an input (ceteris paribus) up to the point where its price is just equal to the additional value derived by employing an additional unit of input.
In order to obtain the marginal product of water ( w MP ), production functions for each crop in each county are used. Let the production function for crop j in county i be defined as:
. The intercept term, α , represents the yield associated with noapplied water. It is also worth noting that the production function is being restricted to water inputs without allowing for substitution between or augmentation by, other inputs. While there may be something to be gained by doing so, [5] found that the partial cross-price elasticities between water and other inputs (fertilizer, labor, energy, etc.) in cotton production in the United States were all statistically insignificant. Cotton production accounts for the majority of acreage in the study area, and we assume that the partial elasticities for the other crops are similar. The
Combining the above relationship with Equation (3) yields the following:
where ( ) ( )
In order to be consistent with [3] for the purpose of comparing results, the parameters are defined from their inverse demand for water in terms of the w VMP .
To do this, first set Equation (8) equal to Equation (3):
.
Total revenues are then obtained by integrating from 0 to w along the inverse demand:
The second component of the producer's benefit function is their costs. This paper uses the linear cost function as put forth by [3] : between the saturated thickness and the pumping lift. Pumping lift is the vertical distance that the groundwater resource must be raised via mechanical means. As lift increases, the cost to apply a given volume of water increases. Thus, as saturated thickness declines, the cost of applying water must increase. Additionally, it is important to note that the additional cost of pumping groundwater doesn't increase as the lift increases (or
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). Some authors have explored the impact of a nonlinear cost function on the optimal control problem (see for example, [4] ), but given the mechanics of pumping water, the linear cost function is more accurate 1 .
It should also be noted that the above cost function does not include the fixed costs associated with the ownership of an irrigation system. These costs may have some impact on production decisions by individual producers, but because fixed costs are not a function of withdrawals or lift, they would play no role in the optimal control problem.
Given the revenue and cost functions faced by producers, the objective is to maximize the present value of net benefits for producers, which is constrained by the dynamics of the resource stock as a function of producer behavior. The problem may be formally stated as:
Subject to:
( )
which is simply the hydrologic state, Equation (1), rewritten. To solve the optimal control problem, define the Hamiltonian as:
where
is the initial saturated thickness of the aquifer less 30 feet, and
, and first order condition ( H w ∂ ∂ )are, respectively:
1 Water horsepower = GPM × (head(ft)/3960). Total head(ft) is calculated as the sum of the lift (ft) and the pressurization of the system (each PSI is equivalent to about 2.31 feet of lift). Therefore, if pressurization of the system and pumping rate remain unchanged, water horsepower is a linear function of lift (personal communication with Thomas W. Dorn, Extension Educator-UNL, University of Nebraska-Lincoln Extension in Lancaster County).
With the transversality conditions:
Solving Equation (18) for λ yields the following: 
Differentiating Equation (20) with respect to t, substituting Equation (17) for λ  and Equation (16) 
From Equation (21) it can be seen that
This follows from the assumption that withdrawals from the aquifer will only be taken by producers as long as the net benefit of doing so at the margin is non-negative, or (
We can also obtain from Equation (17) that the marginal user cost should be decreasing through time ( 0 λ <  ) because 1 0 c < . This result may seem to suggest that the increased scarcity of the resource isn't being taken into consideration. But this is the present-value shadow price, and as we move through time the stream of foregone benefits that could have been derived from an additional unit of the resource in situ is necessarily declining. The current-value shadow price will serve to reflect the increasing scarcity as the stock of water remaining in the aquifer declines.
Define the current-value shadow price of the resource as ( ) ( )e rt µ t t λ = .
2 Lt(h) < 0: The bottom of the aquifer is fixed, as is the agricultural production surface to which water must be pumped. The difference between these two points is the sum of L(t) and h(t).
Given that the marginal user cost is positive, it follows that ( ) 0 t t µ ≥ ∀ . The time path of the current-value shadow price, u  , is less easily signed [6] . 
The Data
In order to evaluate the optimal control results derived in the previous section it is necessary to set values for all of the parameters of the model. Values for the hydrologic state equation, and their sources, will be presented first, followed by the producer's net benefit function, focusing on both the production function and the cost function.
Beginning with the hydrologic state, ( )
The area of the aquifer for each county ( i A ) was obtained by using GIS data to evaluate the area of county i in acres which was overlying the Ogallala aquifer. The specific yield, i S , is obtained for each county by dividing the total water in storage by the average saturated thickness times the acreage of the aquifer
. Previous researchers that have utilized the specific yield have often settled on a value of 0.15 for specific yield (see for example [4] [7]
[8]), which appears to be an accurate average value for the area of study.
The saturated thickness, h, that is used in this model will actually be a value less than total average saturated thickness. It is believed that with current irrigation technologies that the bottom 30 feet of saturated thickness in the aquifer is not usable for irrigation purposes [9] . The water contained within this portion of the aquifer would be too high in salinity to be applied to crops. Therefore, h will be total average saturated thickness less 30 feet for all counties. The initial saturated thickness and lift data will reflect year 2004 values. A summary of these hydrologic parameters are provided below in Table 1 .
The remaining parameters, R and α constitute the total recharge to the aquifer. The return-flow coefficient, α depends on the soil profile in the study area as well as the irrigation technology being utilized. For the purpose of this study we assume that the representative producer is irrigating with LEPA (Low Energy Precision Application). Because LEPA is such an efficient irrigation technology (95 -98 percent efficient [10] ), there should be very little return-flow. [4] suggests that the unknown. There have been a multitude of studies conducted in order to determine an accurate value for recharge in this area, but those studies lead to results that vary from zero inches annually to greater than eight inches per year [7] . Because the natural recharge of the aquifer has been so difficult to pin down, and because it quite possibly varies significantly across the study area, the effects of allowing recharge to vary from 0 to 8 in/yr on the results will be evaluated.
However, the majority of studies investigated by [7] find recharge rates between one-half and three inches annually, so a baseline recharge rate of one and onehalf inches per year will be set.
The parameters used for the producer's benefit function can be separated into Table 2 . The marginal product of water was calculated for each of the five commodities α β , and γ taken from [8] and [11] . The intercept term, α, represents the rain-fed production yield, while β and γ were estimated with an intercept forced to the origin. This method produces estimates for the production function that accurately disaggregate yields related to precipitation from yields related to irrigation water. Parameter estimates did not exist for Castro, Deaf Smith, or Parmer counties. For these counties estimates from the most proximal counties have been used. The production functions have been held constant through time for this analysis, which may have a significant impact on the optimal control results. Future research should allow for innovation in the production function in order to investigate the degree to which this affects optimal resource extraction in the region.
The cost function parameters were obtained using the IRRIGCOST.xls calculator. Values were acquired based upon the assumption of a center-pivot LEPA irrigation system, operating with a natural gas powered pump. The system is assumed to operate over a quarter section (160 acres), with the length of the systems lateral being 1/4 mile. This system requires a pressurization of 15 PSI. The price of natural gas is assumed to be $3.60 per MCF, which is the average price The cost of pumping one acre-inch of water under the above conditions, regardless of the distance that the water must be lifted, is $3.14 (c 0 = 3.14). The additional cost of pumping water over an additional inch of lift is $0.007, so that c 1 = −0.007. Not included in the cost function, but relevant if we wanted to consid-er whether or not an individual producer should continue irrigating, are annual fixed costs of owning the LEPA irrigation system of $11,683.
The final parameter that must be set in order to calculate the results of the optimal control solution is irrigated acreage. Total irrigated acreage and crop shares of irrigated acreage were obtained from the USDA-NASS Quick Stats. 4 Values were obtained for the year 2004 for the five commodities being evaluated across the 13 county study areas. For the purpose of this study we assume that all acreages are fixed, both in total acres irrigated and in the type of crop being produced.
Results
Before presenting the marginal user cost results, which is the desired outcome of this work, it is informative to investigate some of the trends that present themselves in this analysis. First, when comparing the withdrawals and saturated thickness (see Table 3 ) in a single county for the competitive and optimal control results, it can be seen that the stock resource lasts significantly longer under optimal control. This is to be expected as the competitive solution doesn't place value on having access to the resource in future time periods. This same relationship holds for all counties in the study area, as indicated in Table 4 .
The wedge between the time path for withdrawals (and saturated thickness), decreases as we allow future periods to be discounted at a greater rate. For instance, if the discount rate is allowed to vary between the 3% that we have initially assumed, and a relatively large value of 10% ( [3] use this value), we can see that the higher discount rate moves the control solution toward the competitive solution (see Table 5 ). However, the increased discount rate still does not lead to results approximating the competitive solution, suggesting that the G-S result is really that of a very special case.
Another interesting result of the model is related to the recharge rate. It was stated in the section defining the data to be used that the recharge rate was assumed to be 1.5 inches per acre of the aquifer per year, but that estimates range between 0 and 8 inches. When allowing the recharge rate to vary from 0 to 8 inches per year, as would be expected, greater rates of natural recharge are consistent with maintaining saturated thickness.
In order to interpret the marginal user cost, which is the ultimate goal of this paper, it is important that we recall a couple of things. First, it was shown previously that the value of the marginal user cost should be positive, because it is a function of the difference between the marginal value of water and the marginal cost of extracting a unit of water. Second, the marginal user cost should be decreasing through time because it is the present-value shadow price of the resource. Third, the current-value shadow price should also be positive, but whether it is increasing or decreasing depends upon the relative magnitudes of the marginal cost of pumping due to increased lift, total withdrawals, and the marginal user cost. In Figure 1 , we can see that the marginal user cost for Bailey County is positive and decreasing, as we would expect. Bailey County was selected due to its greater initial saturated thickness, but all other counties in the area display the same trend.
However, it is interesting to note that the current-value shadow price is also decreasing (see Figure 2) . Recall that the current-value shadow price is the present value of the Lagrange multiplier ( ( )e rt t λ ). This suggests that the magnitude of the cost of total withdrawals remains larger than the marginal user cost times the discount rate, which is counter to what would be expected. While it is possible for the current-value shadow price to be increasing or decreasing over the life of a resource, it is expected that as the resource nears depletion that the increased scarcity would drive up this value. However, even in the counties where saturated thickness is only a couple of feet, this common result holds.
Next, we consider the marginal user cost as calculated here. There is great benefit in being able to place a baseline value on the social cost associated with additional application of water resources in terms of the stream of social benefit in future time periods. Presented in Table 6 is the marginal user cost calculated in the first time period across the 13 counties being examined.
It is first interesting to note that there is quite a bit of variability in these estimates. The marginal user cost varies from $0.60 to $18.25, with an average of $9.38 for an additional acre-inch of water left in situ. If these values are compared to the value of an average acre-inch of water across the study region (calculated by multiplying (2000/specific water use) by price per pound, as presented in Table 7 ), it appears that there is almost no value being placed on saving water for production in future periods.
The second value worth noting is that over the entire study area, the social cost of an additional acre-inch of water being withdrawn from the aquifer is estimated to be $68,307,000, with an average of $5,692,000 per county. These values are concerning in that they suggest that the efficient use of the scarce resource is current withdrawals with no concern for future availability.
Conclusions
An analysis of data in the Texas Southern High Plains comparing an optimal control solution to a competitive solution regarding the extraction of the Ogallala
Aquifer indicates an outcome contrary to the Gisser-Sanchez result. As the discount rate increases, the optimal solution converges to the competitive solution, but at a much slower rate, suggesting the storage capacity of the aquifer is relatively small.
Results showed an average marginal user cost of $9.38 for an additional acreinch of water, meaning that very little value was placing on conserving water.
When analyzing the current value shadow price, we see a result counter to what is expected. This is likely a result of two parts of the oversimplified model used here. First, holding output prices constant effectively holds the demand for water constant. If the value of water was rising through time as the water became scarcer, then we would likely see an increasing current-value shadow price.
However, the price of water for agriculture isn't necessarily rising. As agricultural output increases dramatically around the world, the price of irrigation water may actually be falling (with the price of agricultural commodities). This, unfortunately, doesn't reflect the local scarcity of water.
Second, not allowing for irrigated acres to change in number or in commodity produced restricts the water resource from being utilized for its highest-valued use. A more advanced model that allows for a crop switching decision to be made would serve to clarify this possibility. Additionally, with fixed production function parameters, the model does not reflect the possibility of advancements in production technology. As long as innovation is restricted, the value of irrigation water in the future will be artificially low.
Additional research should be conducted before these values are used for policy purposes. It is worth recalling that the production functions and output prices are held constantly for this analysis. Increases in both the productive capabilities of a unit of irrigation water and output price would have the effect of increasing the demand for irrigation water. An increase in the demand would ultimately yield a higher price for water resources. Increases in the price of irrigation water in future periods of production would yield a higher opportunity cost for the current use of groundwater resources.
